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2 W.A. Beyer and L.M. Holm1. Introduction.In this paper we consider the number of ratios of three zygotic typesin a population of single characteristic diploid mating individuals of threezygotic types: dominant, mixed, and recessive (d; m; and r). The rulesof reproduction are the usual ones in Mendelian inheritance: d + d !d; d+m ! d and m in equal ratios, d + r ! m; m + m ! all three inthe 1:2:1 ratios, m + r ! m and r in equal ratios, and �nally r + r ! r.Suppose one starts with a population of size three at generation 0, oneeach of the three zygotic types. (One could de�ne a special zygotic type tobe used only once. This element will become the multiplicative identity: e.In that case, one could extend the tree backward to generation -1 and makethe tree a rooted tree by hypothesizing the element e at generation -1.) Eachmember then mates once with each of the three zygotic types from outsidethe tree of generations and produces three o�spring in generation 1. Thusthere are nine members in generation 1: d2; dm; dr; md; m2; mr; rd; rmand r2. This process is continued, generation after generation. As explainedin x2, we obtain by use of the multiplication table (1) below, ordered tripletsthat can be interpreted, when normalized, as the probability that a givenleft-product of d's, m's, and r's is of type d, m, or r. The ordered tripletsthat are present in generation n are partitions of 22n. Therefore distincttriplets give distinct ratios. Hence we use the terms triplets and ratios in-terchangeably. We are interested in the number of possible ratios or tripletspresent in each generation. We show in this paper that the number of dis-tinct ratios at the n-th generation is 3 � 2n. This is much smaller, for largen, than 3 � 3n, the number of elements in each generation. If one countsunordered ratios, then the number of distinct ratios is 2n + 1.In discussing the meaning of these results, one needs to distinguish thecodominant (a distinct phenotype for each genotype) situation from thenoncodominant situation. Suppose we consider a codominant gene and thatwe know the zygotic type of a given individual and the zygotic types ofits ancestors for n generations back. Then given the zygotic type of theindividual, one can calculate the probabilities of the three types withoutreference to the ancestors. The ratios, for a given sequence of n ancestors,tell us what the probability distribution is for the three types in the nthgeneration. Thus the sets of triplets obtained tell us the distributions ofprobabilities. If the gene is noncodominant, one can cannot determine thesequence of ancestors and therefore which ratio applies. What the countingof ratios does for us is to put limits on the amount of evolution possible inthis very restricted model.One of the shortcomings of this model is that mating by objects of thetree is always done with objects of known type coming from outside the tree.This is similar to a patriarchal family tree in which only males are listed.Nonfamilial females are imported and familial females are exported. This



Mendelian Stochastic Algebra 3might partly account for the few number of ratios we �nd. It is hoped in thefuture to carry out a project in which we make a more complete countingof possible ancestral trees. Such a project would involve the counting ofnon-associative combinations. See [3].The proof in outline goes as follows. Representation of the evolution ofthe population by a rooted trees shows there cannot be more than 3 � 3nratios at the n-th generation. For ordered triplets, the number of ratios isshown to be 3 �2n. For unordered triplets, the number is shown to be 2n+1.The problem is formulated and solved by methods of genetic algebra.2. Zygotic, Stochastic, and Baric Algebras.The collection of nonassociative algebras arising in theoretic genetics arecalled genetic algebras. For a through discussion of them, see W�orz-Busekros[6]. An introduction is given in Etherington [2]. Computational aspects ofthem are discussed in the manual for the symbolic manipulation system AX-IOM [5]. We consider a commutative, but nonassociative, zygotic algebraM over the rationals with three basis elements: d; m; r: We de�ne M bythe following multiplication table, giving second degree products as linearcombinations of the quantities d; m; r. Multiplication is assumed to becommutative. d2 = 4d;dm = 2d+ 2m;dr = 4m;m2 = d+ 2m + r;mr = 2m+ 2r;r2 = 4r: (1)Multiplication is assumed to take place from the left. We are interested inthe number of di�erent ordered triplets (�; �; �) that arise in expansionsof arbitrary left-products of d; m; r; into quantities of the form�d+ �m+ �r; (2)using the multiplication table (1). The coe�cients in (2) are of coursenonnegative integers.When the substitutiond = 4�d; m = 4 �m; r = 4�r (2a)



4 W.A. Beyer and L.M. Holmis made, (1) becomes �d2 = �d;�d �m = 12 �d+ 12 �m;�d�r = �m;�m2 = 14 �d+ 12 �m + 14 �r;�m�r = 12 �m + 12 �r;�r2 = �r; (2b)where again multiplication is commutative. We call this algebra �M. If onesets a1 = �d; a2 = �m; and a3 = �r, then (2b) can be written in the fromaiaj = 3Xk=1ijkak; i; j = 1; 2; 3; (2c)with 3Xk=1ijk = 1; ijk � 0; (2d)where ijk are obtained from (2b). Condition (2d) insures that all productsof degree n can be represented in the form of a linear combination of thebasis vectors a1; a2; a3 with coe�cients that are nonnegative real numberswith sum equal to 1. We write this left-product in the formproduct = 3Xk=1 [n]product;kak;where 3Xk=1[n]product;k = 1:The quantity [n]product;k is the probability that mating of zygotes with azygote of known type that make up the n-fold left-product produce a zygoteof type k, where k is one of d; m; or r. Rather than calculating [n]product;kfor all products of degree n, we �nd it more convenient to work with tripletsof integers.�M is a stochastic algebra with a genetic realization. The basis ( �d; �m; �r)is called a natural basis. For de�nitions, see page 12 of [6]. It turns outthat any stochastic algebra is baric and can have a norm de�ned so that it isalso a Banach algebra. Note that �M does not have a multiplicative identity.As is done in Hille and Phillips, page 118 of [4], it is possible to embed �M



Mendelian Stochastic Algebra 5in a larger algebra ��M that does have a multiplicative identity so that �M isisomorphic to a subalgebra of ��M.3. Counting Triplets for Small n.We have carried out the calculations of the types of triplets appearing in the�rst four generations using the symbol manipulation program MACSYMA.At the nth generation the types of unordered triplets present are determinedby �rst forming all the left-products that represent the ancestry of eachpossible zygote present by the following left-product:(dt1d(mt1m (rt1r(dt2d(mt2m (rt2r(: : : (dtld(mtlm (rtlr))) : : :))))))); (3)where the t's are nonnegative integers whose sum is n. Thus the nonzero t'sin (3) are compositions of n. See Andrews [1]. We reduce each quantity from(3) into the form (2) using the multiplication table. To obtain the unorderedtriplets present in the (n + 1)th generation, we successively multiple theresulting linear forms on the left by d; m; and r to obtain second degreeleft-products. The multiplication table is then used to reduce these sums ofsecond degree products to linear forms.We then count the number of distinct unordered triplets, or equivalentlythe distinct zygotic ratios. We arrange entries in the ordered triplets indescending order to give unordered triplets and obtain the results given inthe tables below. The form f[a; b; c]; eg denotes the unordered triplet [a; b; c]with multiplicity e, where multiplicitydenotes the number of ordered tripletscorresponding to the given unordered triplet. Square brackets denote un-ordered triplets, round brackets denote ordered triplets.Table of Ordered TripletsGeneration # Ordered triplets # of ordered triplets0 (0; 0; 1) (0; 1; 0) (1; 0; 0) 3 = 3 � 201 (0; 0; 4) (0; 4; 0) (4; 0; 0) 6 = 3 � 21(0; 2; 2) (1; 2; 1) (2; 2; 0)2 (0; 0; 16) (0; 16; 0) (16; 0; 0) 12 = 3 � 22(0; 4; 12) (4; 8; 4) (12; 4; 0)(0; 8; 8) (6; 8; 2) (8; 8; 0)(0; 12; 4) (2; 8; 6) (4; 12; 0)3 (0; 0; 64) (0; 64; 0) (64; 0; 0) 24 = 3 � 23(0; 8; 56) (28; 32; 4) (56; 8; 0)(0; 16; 48) (24; 32; 8) (48; 16; 0)(0; 24; 40) (20; 32; 12) (40; 24; 0)(0; 32; 32) (16; 32; 16) (32; 32; 0)(0; 40; 24) (12; 32; 20) (24; 40; 0)



6 W.A. Beyer and L.M. Holm(0; 48; 16) (8; 32; 24) (16; 48; 0)(0; 56; 8) (4; 32; 28) (8; 56; 0)Table of Unordered TripletsGeneration # Unordered triplets # of unordered triplets0 f[1; 0; 0]; 3g 11 f[4; 0; 0]; 3g f[2; 2; 0]; 2g 3 = 21 + 1f[2; 1; 1]; 1g2 f[16; 0; 0]; 3g f[12; 4; 0]; 4g 5 = 22 + 1f[8; 8; 0]; 2g f[8; 6; 2]; 2gf[8; 4; 4]; 2g3 f[64; 0; 0]; 3g f[56; 8; 0]; 4g 9 = 23 + 1f[48; 16; 0]; 4g f[40; 24; 0]; 4gf[32; 32; 0]; 2g f[32; 28; 4]; 2gf[32; 24; 8]; 2g f[32; 20; 12]; 2gf[32; 16; 16]; 1gThe entries in these tables have also been calculated for n = 4 with resultsconsistent with the above entries.4. Observations on the Tables of Triplets.Four observations can be made about these tables. For values of n � 4, wehave:1. For generation number n > 0, each unordered triplet is a partition intoone, two, or three parts of 22n. For each generation there is a unorderedtriplet of the form [22n; 0; 0].This observation for general n is proved as follows. Make the inductionassumption that �n + �n + �n = 22n:This relation holds for n = 1. By use of the multiplication table (1) itcan be checked easily that for the n + 1 generation the unordered triplet(�n+1; �n+1; �n+1) satis�es�n+1 + �n+1 + �n+1 = 4 22n = 22(n+1):The existence of the unordered triplet of the form (22n; 0; 0) follows fromthe existence of the zygote dn = 22nd. Thus observation 1 holds for generaln.



Mendelian Stochastic Algebra 72. An example of a triplet that, because of our special mating rules, doesnot appear is (12,40,12) which arises from (dm)(mr) 6= d(m(m(r))).3. For an unordered triplet of the form [a; 0; 0], the multiplicity is 3. Foran unordered triplet of the form [a; a; 0], the multiplicity is 2. For anunordered triplet of the form [a; b; 0], a 6= b, the multiplicity is 4. For anunordered triplet of the form [a; b; c], a; b; c all di�erent, the multiplicityis 2. For an unordered triplet of the form [a; b; b], the multiplicity is 1.We have not proved this observation for general n.4. At generation number n > 0, there are only the two sets of unorderedtriplets: S1n : [(2n � k)2n; k2n; 0]; 0 � k � 2n�1S2n : [22n�1; (2n � k)2n�1; k2n�1]; 1 � k � 2n�1 (4)This observation is stated in Theorem 2 below for general n.5. 3 � 2n Ordered Triplets are Present at the nth Generation.We �rst examine the types of ordered triplets present. It appears that thetriplets present in the above table of ordered triplets are of four types atthe nth generation:Type 1n. (22n; 0; 0); (0; 22n; 0); (0; 0; 22n):Type 2n. ((2n � k)2n; k2n; 0); 1 � k � 2n � 1:Type 3n. (0; k2n; (2n � k)2n); 1 � k � 2n � 1:Type 4n. (k2n�1; 22n�1; (2n � k)2n�1); 1 � k � 2n � 1:To do the induction proof for Theorem 1, we repeat the above list oftypes for the n + 1st generation:Type 1n+1. (22(n+1); 0; 0); (0; 22(n+1); 0); (0; 0; 22(n+1)):Type 2n+1. ((2n+1 � k)2n+1; k2n+1; 0); 1 � k � 2n+1 � 1:Type 3n+1. (0; k2n+1; (2n+1 � k)2n+1); 1 � k � 2n+1 � 1:Type 4n+1. (k2n; 22n+1; (2n+1 � k)2n); 1 � k � 2n+1 � 1:THEOREM 1. The branching process de�ned by (7) below with the set ofordered triplets at the 0-th generation given as[1; 0; 0]; [0; 1; 0]; [0; 0; 1] (5)is the set of ordered triplets at the n-th generation given by(1n; 2n; 3n; 4n): (6)



8 W.A. Beyer and L.M. HolmThese ordered triplets yield distinct ratios. Their cardinality is 3 � 2n.PROOF. To show the relations between the two generations, it is useful tospell out the relations between ordered triplets at generation n: (�n; �n; �n)and the ordered triplets at generation n + 1: (�n+1; �n+1; �n+1). Theserelations are given by:d(�nd+ �nm + �nr) = 2(2�n + �n)d+ 2(�n + 2�n)mm(�nd+ �nm + �nr) = (2�n + �n)d+ 2(�n + �n + �n)m + (�n + 2�n)rr(�nd+ �nm + �nr) = 2(2�n + �n)m + 2(�n + 2�n)rWe note that these relations are invariant under interchange of d and r. Therelations can also be written in the formd(�n; �n; �n) = (2(2�n + �n); 2(�n + 2�n); 0)m(�n; �n; �n) = (2�n + �n; 2(�n + �n + �n); �n + 2�n)r(�n; �n; �n) = (0; 2(2�n + �n)); 2(�n + 2�n)) (7)In (7), d;m; r can be regarded as operators that take an ordered tripletin the nth generation into an ordered triplet in the n + 1th generation.We shall now apply the operators d; m; r to each of the ordered triplets oftypes 1n; 2n; 3n and 4n. We obtain the following results. The type of thegenerated ordered triplet in the n+ 1 generation is given to the right.For Type 1n triplets we have:d(22n; 0; 0) = (22(n+1); 0; 0) 1n+1 (8a)d(0; 22n; 0) = (22n+1; 22n+1; 0) 2n+1 (8b)d(0; 0; 22n) = (0; 22(n+1); 0) 1n+1 (8c)m(22n; 0; 0) = (22n+1; 22n+1; 0) 2n+1 (8d)m(0; 22n; 0) = (22n; 22n+1; 22n) 4n+1 (8e)m(0; 0; 22n) = (0; 22n+1; 22n+1) 3n+1 (8f)r(22n; 0; 0) = (0; 22(n+1); 0) 1n+1 (8g)r(0; 22n; 0) = (0; 22n+1; 22n+1) 3n+1 (8h)r(0; 0; 22n) = (0; 0; 22(n+1)) 1n+1 (8k)It is seen that the set of right-hand sides include the set Type 1n+1.For Type 2n triplets we have:d((2n � k)2n; k2n; 0) =((2n+1 � k)2n+1; k2n+1; 0); 2n+11 � k � 2n � 1; (9a)



Mendelian Stochastic Algebra 9m((2n � k)2n; k2n; 0) = (k02n; 22n+1; (2n+1 � k0)2n); 4n+1k0 = 2n+1 � k; 1 � k � 2n � 1; 2n + 1 � k0 � 2n+1 � 1;(9b)r((2n � k)2n; k2n; 0) = (0; k02n+1; (2n+1 � k0)2n+1); 3n+1k0 = 2n+1 � k; 1 � k � 2n � 1; 2n + 1 � k0 � 2n+1 � 1:(9c)For Type 3n triplets we haved(0; k2n; (2n � k)2n) = ((2n+1 � k0)2n+1; k02n+1; 0); 2n+1k0 = 2n+1 � k; 1 � k � 2n � 1; 2n + 1 � k0 � 2n+1 � 1; (9d)m(0; k2n; (2n � k)2n) =(k2n; 22n+1; (2n+1 � k)2n); 4n+11 � k � 2n � 1; (9e)r(0; k2n; (2n � k)2n) =(0; k2n+1; (2n+1 � k)2n+1); 3n+11 � k � 2n � 1: (9f)For Type 4n triplets we haved(k2n�1; 22n�1; (2n � k)2n�1) = ((2n+1 � k0)2n+1; k02n+1; 0); 2n+1;k0 = 3 � 2n�1 � k; 1 � k � 2n � 1; 2n�1 + 1 � k0 � 3 � 2n�1 � 1;(9g)m(k2n�1; 22n�1; (2n � k)2n�1)) = (k02n; 22n+1; (2n+1 � k0)2n); 4n+1k0 = 3 � 2n�1 � k; 1 � k � 2n � 1; 2n�1 + 1 � k0 � 3 � 2n�1 � 1;(9h)r(k2n�1; 22n�1; (2n � k)2n�1)) = (0; k02n+1; (2n+1 � k0)2n+1); 3n+1k0 = 2n�1 + k; 1 � k � 2n � 1 ; 2n�1 + 1 � k0 � 3 � 2n�1 � 1:(9k)We see that (9a), (9d), and (9g) give exactly all of the type 2n+1 set.We see that (9b), (9e), and (9h) give exactly all of the type 3n+1 set. We
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